A quark model with potentials derived from that include antiquark-diquark model for excited hadrons leads to mass formulae in very good agreement with experiments. The approximate symmetries and supersymmetries of the hadronic spectrum are exploited including a symmetry breaking mechanism. K e y w o r d s: supersymmetry, quark models, skyrmions.
Introduction
In 1966-1968, Miyazawa extended, in a series of papers, the SU(6) group [1] to the supergroup SU(6/21). Elements of this supergroup transform constituent quarks and diquarks to one another. In particular, in [2, 3] , he found: (a) the general definition of SU( / ) superalgebras expressing the symmetry between bosons and fermions, with Grassmann-valued parameters, (b) the derivation of a super-Jacobi identity, and (c) the relation of the baryon mass splitting to the meson mass splitting through a new mass formula. That work contained the first classification of superalgebras (later rediscovered by mathematicians in the seventies). Because of the field theoretic prejudice against SU(6), Miyazawa's work was generally ignored. Supersymmetry was rediscovered in the seventies within the context of the dual resonance models by Ramond [4] , Neveu and Schwarz [5] , with the important later contributions of Gliozzi, Scherk, and Olive [6, 7] . Golfand and Likthman [8] and independently Volkov and Akulov [9] proposed the extension of the Poincaré group to the super-Poincaré group. Examples of supersymmetric field theories were given and the general method based on the super-Poincaré group was discovered by Wess and Zumino [10, 11] . QCD can be made supersymmetric with the addition of gluinos and squarks which remain to be discovered. It gives no help for throwing light on the supersymmetric nature of the slope of the Regge trajectories.The super-Poincaré group contains transformations between fields associated with different spins 0, 1 2 and 1. The Coleman-Mandula theorem was amended in 1975 by Haag, Lopuszanski, and Sohnius who showed that the super-Poincaré group × int is the maximal symmetry of the -matrix. Unfortunately, the SU(6) symmetry was still forbidden.
SU(6) and Hadronic Supersymmetry
To interpret the symmetries of the QCD spectrum under a new light, we made the following observations: in the ultraviolet, the running coupling constant tends to zero, and quarks behave like free particles. Thus, an approximate scaling symmetry exists in conformity with the parton model, allowing spin to be conserved seperately from orbital angular momentum. Spin behaves as an internal quantum number; this makes the SU(6) symmetry possible, since the quarks are almost free Dirac particles. The single vector-gluon exchange breaks this symmetry; thus, as shown by Glashow, Georgi, and deRujula [12] , the mass degeneracy of hadrons of different spins is lifted by a hyperfine-interaction term.
The main point of the idea can be understood in the infrared, where the confinement sets in. The quark-antiquark potential becomes proportional to the distance. Careful studies of quarkonium spectra and lattice-gauge calculations show that, at a large separation, the quark forces become spin-independent. QCD is also flavor-independent. Therefore, we will seach for approximate spin-and flavorindependent quark binding forces. These forces are completely consistent with the SU(6) symmetry. This symmetry is not exact, but it is a good starting point before the spin and flavor effects are included.
There is a good phenomenological evidence that, in a rotationally excited baryon, a quark-diquark (( − ) structure is favored [13] over a three quark ( ) structure [13] [14] [15] . Regge trajectories for mesons and baryons are closely parallel; both have a slope of about 0.9 GeV −2 (a proposal to find this result in QCD was put forth by Johnson and Thorn [16, 17] ). At large spins, two of the quarks form a diquark at one end of the string, the remaining quark being at the other.
If the quarks are light, the underlying quarkdiquark symmetry leads to the Miyazawa symmetry between mesons and baryons. Thus, we may attempt to study hadrons with the weakly broken supergroup SU(6/21), even though the fundamental theory is not supersymmetric. For quarks, the generators of the Poincaré group and those of the color group SU(3) commute. It is only the effective Hamiltonian which exhibits an approximate supersymmetry among the bound states¯and ( = ). A lot of remarkable papers were put out by Brodsky and collaborators in recent times [14] [15] [16] [17] [18] [19] [20] on the diquark physics using superconformal and supersymmetric algebras through the embedding of superconformal quantum mechanics into the space. They show the possibility of constructing an effective supersymmetric QCD light-front Hamiltonian for hadrons, exhibiting relations between meson, baryon, and tetraquark spectra with emphasis on the connections between light, heavy-light, and doubleheavy hadrons. Their work has immense relationship to our own work from a slightly different perspective. We refer the reader to glance at their papers and see the thorough relationship to the latest experimental searches and findings on this subject.
Color Algebra and Octonions
The exact unbroken color group SU(3) is the backbone of the strong interaction. It is worthwhile to understand its role in the diquark picture more clearly.
Two of the colored quarks in a baryon combine into an antitriplet 3 × 3 =3 + (6), 3 ×3 = 1 + (8). The (6) partner of the diquark and the (8) partner of the nucleon do not exist. In the hadron dynamics, the only color combinations to consider are 3 × 3 →3 and 3 × 3 → 1. These relations yield the existence of split octonion units through a representation of the Grassmann algebra { , } = 0, = 1, 2, 3. The operators , unlike ordinary fermion operators, are not associative. We also have 1 2 [ , ] = * . The Jacobi identity do not hold, since [ , [ , ]] = − 7 ̸ = 0, where 7 anticommutes with and * . The algebra of split octonions is crucial for the suppression of unwanted states and is fully discussed in our papers [25] [26] [27] in detail. The automorphism group of the algebra is just SU(3) . It is a subgroup of 2 , the automorphism group of the octonion (Cayley) algebra. Gürsey and collaborators discovered a link between color and octonions, earlier in connection with a grand-unified theory of leptons and quarks with a natural color embedding (the non-colored part has units 0 = 1 2 (1 + 7 ) and * 0 = 1 2 (1 − 7 ) associated with the lepton number). We ask the interested reader to glance through our papers.
Internal SUSY and Classification Schemes
Using the internal supersymmetry, it is possible to construct a combined classification scheme for mesons and baryons with Miyazawa's SU(6/21) in a modern context. We have already shown [14, 15] : (1) the parallelism and the splitting of Regge trajectories for mesons and baryons can be calculated at high angular momenta. (2) Hadronic mass formulas can be derived, which agree remarkably well with experiments [15] . This scheme naturally leads to the existence of ( = ,¯=¯¯) bound states. It is now confirmed experimentally [28] that 0 (980) and 0 (975) mesons are¯states. (3) There is also a deep connection between the hadronic (SU(6/21)) scheme we have developed and the mass formulae derived from spectrum-generating algebras which also assume an effective supersymmetry [29, 30] . The fact that both supersymmetries (in hadrons and nuclei) are effective "dynamical" supersymmetries leads to many novel experimental observations. (For recent reviews, we refer to Iachello's article in [31] and an extensive review in [28] .) (4) Split octonionic algebras were used to understand the suppression of unwanted states. These algebras are embedded in a new larger algebra that puts quarks, diquarks, and exotics in the same supermultiplet as hadrons. The result is to naturally suppress quark configurations that are symmetric in color and space and antisymmetric in the remaining flavor, spin, and position variables.
Semirelativistic Hamiltonian
We now present an effective Hamiltonian obtained from a two-body Schrödinger-Dirac approximation to the quark-QCD system after the elimination of the gluon degrees of freedom.
Ignoring the center-of-mass motion, we can write a semirelativistic wave equation for the wave function for a two-body system (either , or ) 12 ( ) of the bilocal object with energy eigenvalues Ω 12 , namely,
The scalar and vector potentials are given by
where 4 3 is the color factor, is the strong coupling constant at the energy Ω 12 , and the spin-dependent part of the vector potential is the hyperfine structure correction due to the gluon exchange with 12 = = | 12 (0)| 2 . We see that, at large , by neglecting the mass difference ( 2 − 1 ), we find the same equation for both ( −¯) and − systems, except for the presence of the hyperfine term that breaks the symmetry between¯and . To this approximation, we can transform the second constituent¯into and vice versa without changing the energy eigenvalue Ω. This means that the system admits the approximate (6/21) supersymmetry transformation
in addition to the SU(6) transformation =¯,
The breaking of both (6) and (6/21) is due to the hyperfine term, while the supersymmetry is further broken by the quark-diquark mass difference 1 − 2 . Now, considering the Hamiltonian of Eq.(1), we can write, in the center-of-mass system,
where ℓ is associated with the orbital excitation of the system. For high rotational excitations, the expectation value of is large, by corresponding to a stretched string. The angular momentum ℓ is also large. The value of the centrifugal energy which is proportional to ℓ(ℓ+1) 2 has a similarly large value. Since proportional to will also have a high absolute value, the constituent masses become negligible in the high relativistic limit. On the other hand, the radial excitation term 2 can be neglected on the leading trajectory associated with the lowest radial energy.
The ground-state energy eigenvalue of the Hamiltonian can be estimated, by using the Heisenberg uncertainty principle. This leads to the replacement of by Δ and by
Then as a function of Δ is minimized for the value of 0 of Δ . The quantity 0 corresponds to the Bohr radius for the bound state. The confining energy associated with this Bohr radius is obtained from the linear confining potential ( ) = , so that the effective masses of the constituents become
For a meson, 1 and 2 are the current quark masses while 1 and 2 can be interpreted as the constituent quark masses. Note that, even in the case of vanishing quark masses associated with the perfect chiral symmetry, the confinement results in nonzero constituent masses that spontaneously break the (2) × (2) symmetry of the and quarks. Let us illustrate this method on the simplified spinfree Hamiltonian involving only the scalar potential. In the center-of-mass system, (1) 
The semirelativistic Hamiltonian of the system is then given by
Taking 1 = 2 = for the quark-antiquark system, we have
where we have written the momentum part in spherical coordinates. Putting
for the −¯system, we find 12 by minimizing the function
For and quarks, is small and can be neglected so that
which has a minimum for
by giving
Thus, we obtain a linear Regge trajectory with
We also have = ℓ + , where arises from the quark spins. Experimentally,
for mesons, by giving a value of 0.54 GeV for . A more accurate calculation (see [4] ) gives
The constituent quark mass can be defined in two ways
The first definition gives, for ℓ = 0, = 0.3 GeV for = 0.43 (20) for and quarks. When the Coulomb-like terms are introduced in the simplified Hamiltonian (9) with negligible quark masses, one obtains
The minimization of gives
where 0 ( ) = 4 0 so that
= ±1, =( 2ℓ + 1) .
The minimum 0 is obtained for = −1, by giving, to the second order in :
Linear Regge trajectories are obtained, if 2 is negligible. Then, for mesons,
The quantity 2 is negligible for small ℓ, only if we take the lowest estimate for , giving 0.4 for¯in thē case. For mesons with , constituents, incorporating their spins through the Breit term, we obtain approximately
where = 
Note that the deviation from experimental data is less than 1%. For the Regge slope being of the order of 1 GeV, the average meson mass of the same order is obtained from Eq. (26) in the linear trajectory approximation. In this approximation,¯should be treated like a parameter, rather than be placed by its value derived from QCD under varying assumptions. Using Eq. (17) for , one gets a better fit to the meson masses by taking ∼ 0.2. Turning now to baryon masses, we must firstly estimate the diquark mass. For the system, we have
that is slightly higher than the average meson mass
Here, we note that is not very sensitive to the precise value of the QCD running coupling constant in the GeV range. Taking 
This gives again Eq. (15), i.e.,
as an explanation of the hadronic supersymmetry in the nucleon and meson Regge spectra. We also have, by extrapolating to small
For Δℓ = 1, we find
It is the relation derived by Miyazawa. It is again resurrected in our calculation through the assumption that the (6/21) symmetry is broken by an operator that behaves itself like the = 0, = 0 member of the 35 × 35 representation of (6) , which was true to 5%. This corresponds to the confined quark approximation with = 0. In addition, our potential model gives a more accurate symmetry breaking ( ∼ 0.2):
with an accuracy of 1%. This mass-squared formula arises from the secondorder iteration of the − , −¯Dirac equation. The factor 9 8 comes from
At this point, it is more instructive to derive a firstorder mass formula. Since the constituent quark mass is given by Eq. (18) (ℓ = 0), we have
When the baryon is regarded as a − system, each constituent gains an effective mass 1 2 0 which was approximately the effective mass of the quark in a meson. Hence, the effective masses of and in a baryon are
The spin splittings for a nucleon and the Δ are given by the Breit term
For a nucleon with spin 1 2 , the term · gives −1, while it has the value 1 2 for Δ with spin 3 2 . Using the same for mesons and baryons which are both considered to be a bound state of a color triplet with a color antitriplet, we can relate the baryon splitting Δ to the meson splitting Δ , for which ·t akes the values 1 4 and −3 4 . Hence, we find
and
which leads to a linear mass formula
which is well satisfied and was verified before using the three-quark constituents for a baryon. The formation of diquarks which behave like antiquarks, as far as QCD is concerned, is crucial to the hadronic supersymmetry and to the quark dynamics for excited hadrons. The splittings in the mass spectrum are well understood on the basis of spindependent terms derived from QCD. This approach to hadronic physics has led to many profound investigations recently. To see the symmetry breaking effect, we note that the mass of a hadron will take the approximate form
where and ( = 1, 2) are, respectively, the constituent mass and the spin of a quark or a diquark. The spin-dependent Breit term will split the masses of hadrons of different spin values. If we assume =¯= , where is the constituent mass of or quark, and denote the mass of a diquark by , then this approximation gives
Eliminating , , and , we obtain the mass relation
which agrees with experiment to 8%.
Open Questions
A derivation of an effective relativistic QCD potential from the lattice gauge theory or from analytic techniques is needed. This must await a better understanding of fermion loop corrections and the incorporation of a chiral symmetry. The logarithmic variation of the running coupling constant on −¯and − spectra has already been considered in the context of a semirelativistic theory. This does not change the qualitative picture presented here. The next step should be the setting up of an effective relativistic theory based on the Dirac equation for the quark and the Klein-Gordon equation for the antiquark, exhibiting the invariance under the relativistic supersymmetry. This might be achieved with the Wess-Zumino Lagrangian constructed out of a gluon field interacting with the vector superfield multiplet (it contains the quark and the antidiquark). The preliminary work in this direction has already been presented in our papers, and the derivations of new mass formulae have shown good agreement with experiments. It is important to attempt calculations of decay widths, magnetic moments, charge radii, and form factors.
The two-body relativistic Hamiltonian with the (6/21) symmetry between quarks and antidiquarks derived previously can be extended to include the symmetries of three-quark systems. The new Hamiltonian is invariant under the discrete group 3 . Hence, its eigenstates are eigenstates of 3 . The splitting of three quarks into and will break the 3 symmetry down to 2 ∼ 2 which has two eigenstates. Such considerations should lead to phenomenologically viable models from which hadronic properties can be extracted.
A possible Skyrme model that can compete with the QCD-inspired potential model presented here is still hidden in the future, For a preliminary work in that area, we refer the reader to our paper [32] .
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